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Abstract
We consider the q-derivatives of the Srivastava and Daoust basic multivariable hypergeomet-
ric function with respect to the parameters. This function embodies a entire number of various
q-hypergeometric series of one and several variables. Explicit equations are given for general
case of summation indexes with positive real coefficients. As an example derivatives of q-analog
of non-confluent Horn type hypergeometric function H3 is presented.
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1 Introduction
Basic hypergeometric functions, namely q-analogue generalizations of ordinary hypergeometric se-
ries, has a long history [2]. Contrary to the generalized hypergeometric series, where the ratio of
successive terms is a rational function of n, the ratio of successive terms in basic hypergeometric
series is a rational function of qn.
The basic hypergeometric series 2φ1(qα, qβ; qγ; q, x), q-extension of the Gauss hypergeometric
function 2F1 was first considered by Eduard Heine in 1846. The last could be restored from q-
analogue by applying parameters equal qαi and considering the limit when the base q tends to
unity.
Renewed interest in hypergeometric-type series containing digamma functions has emerged in
connection with derivatives of hypergeometric functions with respect to their parameters. The first
derivatives for some special values of the parameters were already known a long time ago [12–14].
Later on, Ancarani et al. have found in a series of papers [3, 4, 7] the derivatives of Gaussian
hypergeometric functions and some derivatives of two-variable series, namely the Appell series
and four degenerate confluent series [5]. Moreover, it has been shown that the first derivatives of
generalized hypergeometric functions are expressible in terms of Kampe´ de Fe´riet functions, and,
with the same technique, derivatives of the Appell hypergeometric function have been obtained in
Ref. [6].
In the paper [19] the general case of hypergeometric function derivative with respect to the
parameters was considered. Namely, the case of multi-summation index with arbitrary natural
coefficients was calculated. It was shown, that the derivatives with respect to the upper and lower
parameters of the (Srivastava-Daoust) generalized Lauricella series are expressed as a final sum of
the generalized Lauricella series with shifted parameters.
In quantum field theory, one has to calculate higher-order Feynman diagrams for quantum
corrections to scattering processes. For the evaluation of the dimensionally regularized Feynman
integrals in D = 4−2ε dimensional space time, one has to construct the expansion in ε. In the [19]
it was concluded that the ε expansions of Feynman integrals at any order are expressible in terms of
Horn-type hypergeometric functions: the n-th term of the ε series can be expressed as a Horn-type
hypergeometric function in n +m variables, where m is the number of summations in the Horn-
type representation of the Feynman integral. The region of convergence of any of these parameter
derivatives, i.e., the coefficients in the ε expansion, and the initial Feynman integral are the same.
Classes of the Feynman integrals that could be expressed in the terms of multiple polylogaritms
(MP) [11] are mainly related to the massless cases. More interesting massive case, for example
massive sunrise and kite integrals could be expressed through elliptic generalization of MP (EP),
see [8], [9]. At [10] it was shown, that EP can be written as a multiple integral of basic hyperge-
ometric function convolution. The utilization of q-difference equations and q-contiguous relations
gives one the possibility to establish a connection with basic hypergeometric functions and find
efficient algorithm for analytical continuation and numerical evaluation of EP. By analogy with pa-
per [19] the knowledge of of q-basic function derivatives over parameters can help us to find out the
properties of Feynman integral expansion over dimensional parameter and make stable numerical
estimations.
The generalization of hypergeometric series derivatives, the q-derivatives of basic hypergeo-
metric series with respect to the parameters was considered in the papers [20–24]. The case of
q-hypergeometric series rΦs (q-extension of generalized hypergeometric series) was studied at [20],
later the derivatives of Appell functions with respect to parameters and q-derivatives of 3-variable
2
q-Lauricella functions [21] as well as k- variable q-Lauricella functions and q-Kampe de Feriet
function [22, 23] was calculated. Some special cases of q-derivative of Srivastava’s general triple
q-hypergeometric series with respect to its parameters HA,q,HB,q,HC,q are considered in [24].
These multiple basic hypergeometric series considered above are special cases of the q-extension
of generalized Lauricella series in n variables (1). At this paper we would like to present the q-
derivatives of the basic (Srivastava-Daoust) generalized Lauricella series with respect to the upper
and lower parameters and generalize results obtained at [20–24]. Here we consider the case when
coefficients θ
(1)
1 , ψ
(1)
1 , φ
(1)
1 , δ
(1)
1 , . . . , θ
(n)
A , ψ
(n)
C , φ
(n)
B(n)
, δ
(n)
D(n)
of multi summation indexes in (2) are pos-
itive reals, contrary to the considered special cases, where these coefficient are implied equal zero
or unity.
This paper is organized as follows. We begin in Sec. 2 by considering definitions for q-extension
of generalized Lauricella hypergeometric function and some basic definitions of the q-special func-
tion theory, namely Jackson derivative, q-Pochhammer symbol and q-bracket.
Next, Sec. 3 is devoted to the q-derivatives in the case of double summation index parameters
with real positive coefficients, namely as an example the q-analog of non-confluent Horn type hy-
pergeometric function H3(a, b, c, x, y) q-derivatives with respect to the upper and lower parameters
are considered.
Our main result are presented in Sec. 4, where we consider the q-derivatives of q-extension
of the (Srivastava-Daoust) generalized Lauricella series in n variables with respect to the upper
and lower parameters. The cases of multiple summation indexes with positive real coefficient are
considered.
2 Definitions
Q-extension of the (Srivastava-Daoust) generalized Lauricella series in n variables, given by Srivas-
tava [1] is defined:
FA:B
(1);...;B(n)
C:D(1);...;D(n)


x1
...
xn


= FA:B
(1);...;B(n)
C:D(1);...;D(n)
(
[(a) : θ(1), . . . , θ(n)] : [(b1) : φ(1)]; . . . ; [(bn) : φ(n)]
[(c) : ψ(1), . . . , ψ(n)] : [(d1) : δ(1)]; . . . ; [(dn) : δ(n)]
q;x1, . . . , xn
)
=
∞∑
s1,...,sn=0
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
, (1)
where
Ω(s1, . . . , sn) =
∏A
j=1(aj , q)s1θ(1)j +···+snθ
(n)
j
∏B(1)
j=1 (b
(1)
j , q)s1φ(1)j
· · ·
∏B(n)
j=1 (b
(n)
j , q)snφ(n)j∏C
j=1(cj , q)s1ψ(1)j +···+snψ
(n)
j
∏D(1)
j=1 (d
(1)
j , q)s1δ(1)j
· · ·
∏D(n)
j=1 (d
(n)
j , q)snδ(n)j
, (2)
and all parameters
θ
(1)
1 , ψ
(1)
1 , φ
(1)
1 , δ
(1)
1 , . . . , θ
(n)
A , ψ
(n)
C , φ
(n)
B(n)
, δ
(n)
D(n)
(3)
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are so constrained that multiple series (1) converges. Here we impose additional condition that
parameters (3) are non-negative real numbers.
Here (a, q)n is q-shifted factorial and is defined by [2]:
(a, q)n = Π
n−1
m=0(1− aq
m), (a, q)0 = 1, (4)
(a, q)n =
(a, q)∞
(aqn, q)∞
(5)
The last definition of q-shifted factorial helps us to extend the definition area of variable n to
negative integers and real values:
(a, q)−n =
1
Πnm=1(1− aq
−m)
=
1
(aq−n, q)n
=
(−q/a)nq
n(n−1)
2
(q/a, q)n
(6)
The q-analog of n, also known as the q-bracket or q-number of n, is defined to be
[n]q = 1 + q
2 + · · ·+ qn−1, (7)
The equivalent definition as
[n]q =
1− qn
1− q
, (8)
gives us possibility to extend the definition over real values of n.
The Jackson [16] q-derivative is a q-analog of the ordinary derivative of a function f(x) defined
as:
Dx,qf(x) =
f(qx)− f(x)
(q − 1)x
. (9)
It has product rule analogous to the ordinary derivative product, we could produce from above
equation the q-derivative for the ratio of two functions:
Dx,q =
f(x)
g(x)
=
g(x)Dx,qf(x)− f(x)Dx,qg(x)
g(qx)g(x)
, (10)
more properties could be find in [17], [2], [18].
For our purposes we shorten notation for (1,12) functions to names without parameters and
variables and explicitly written out only those parameters that are different from those in definition
(1,12). For example, F (λx2) means that instead of variable x2 we will use variable λx2 in definition
(1) of F .
3 Q-difference of q-analog of non-confluent Horn type hypergeo-
metric function H3
The q-analog of non-confluent Horn-type hypergeometric function H3(a, b, c, z1, z2)
H3(a, b, c, q, z1, z2) =
∑
n1,n2
(a)2n1+n2(b)n2
n1!n2!(c)n1+n2
zn11 z
n2
2 (11)
could be written in the form:
Hq,3(a, b, c, q, z1, z2) =
∑
n1,n2
(a, q)2n1+n2(b, q)n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2 . (12)
4
3.1 Q-derivative with respect to the upper parameters
Derivative over upper one-summation parameter b could be calculated by the same algorithm as
in [15]:
Db,qHq,3(a, b, c, q, z1, z2) =
∑
n1,n2
(a, q)2n1+n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
1
(q − 1)b
(
(bq, q)∞
(bqn2+1, q)∞
−
(b, q)∞
(bqn2 , q)∞
)
(a, q)2n1+n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
1
(q − 1)b
(b, q)∞
(bqn2 , q)∞
(
1− bqn2
1− b
− 1
)
(a, q)2n1+n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
−1
(1− b)
qn2 − 1
(q − 1)
(a, q)2n1+n2(b, q)n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2 . (13)
By using the derivative of H3 over variable zi
Dzi,qHq,3(a, b, c, q, z1, z2) =
1
zi
[ni]qHq,3(a, b, c, q, z1, z2), (14)
we could write (13) as follows:
Db,qHq,3(a, b, c, q, z1, z2) = −
z2
1− b
Dz2,qHq,3(a, b, c, q, z1, z2). (15)
It is not so straightforward calculation of q-derivative with respect to the double-summation
parameter a as in the case of one-summation index b, eq. (13):
Da,qHq,3(a, b, c, q, z1, z2) =
∑
n1,n2
(aq, q)2n1+n2 − (a, q)2n1+n2
(q − 1)a
(b, q)n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
1
(q − 1)a
(
(aq, q)∞
(aq2n1+n2+1, q)∞
−
(a, q)∞
(aq2n1+n2 , q)∞
)
(b, q)n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
1
(q − 1)a
(a, q)∞
(aq2n1+n2 , q)∞
(
1− aq2n1+n2
1− a
− 1
)
(b, q)n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
−1
(1− a)
q2n1+n2 − 1
(q − 1)
(a, q)2n1+n2(b, q)n2
(q, q)n1(q, q)n2(c, q)n1+n2
zn11 z
n2
2 . (16)
Unlike to the eq. (13) we have here q-number [2n1+n2]q, which contains double summation indexes
with the integer coefficient 2. By means of identity that splits double summation indexes to two
items with t one summation indexes
[2n1 + n2]q =
1
2
(
(1 + q2n1)[n2]q + (1 + q
n2)[2n1]
)
, (17)
and the expression for the q-derivative of H3 function with squared variable z2,
Dz2,qHq,3(a, b, c, q, z1, z
2
2) =
1
z2
[2n2]qHq,3(a, b, c, q, z1, z
2
2) (18)
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we get the following answer for q-derivative with respect to the double-summation index parameter
a:
Da,qHq,3(a, b, c, q, z1, z2)=
−1
2(1− a)
×
[
z2Dz2,q(Hq,3 +Hq,3(q
2z1)) + z1Dz1,q(Hq,3(z
2
1) +Hq,3(z
2
1 , qz2))
]
.(19)
3.2 Q-derivative with respect to the lower parameters
The similar procedure could be applied for derivation with respect to the double-summation lower
parameter c:
Dc,qHq,3(a, b, c, z1, z2) =
∑
n1,n2
−1
(c, q)n1+n2
(cq, q)n1+n2 − (c, q)n1+n2
(q − 1)c
×
(a, q)2n1+n2(b, q)n2
(q, q)n1(q, q)n2(cq, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
−1
c(q − 1)(c, q)n1+n2
(
(cq, q)∞
(cqn1+n2+1, q)∞
−
(c, q)∞
(cqn1+n2 , q)∞
)
×
(a, q)2n1+n2(b, q)n2
(q, q)n1(q, q)n2(cq, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
−1
(q − 1)c
(
1− cqn1+n2
1− c
− 1
)
×
(a, q)2n1+n2(b, q)n2
(q, q)n1(q, q)n2(cq, q)n1+n2
zn11 z
n2
2
=
∑
n1,n2
1
(1− c)
qn1+n2 − 1
(q − 1)
(a, q)2n1+n2(b, q)n2
(q, q)n1(q, q)n2(cq, q)n1+n2
zn11 z
n2
2 . (20)
With the help of identity similar to the eq. (17)
[n1 + n2]q =
1
2
((1 + qn1)[n2]q + (1 + q
n2)[n1]) , (21)
and eq. (14) we could write the final answer for the q-derivative with the respect to the lower
parameter c:
Dc,qHq,3(a, b, c, z1, z2) =
1
2(1 − c)
[z2Dz2,q(Hq,3 +Hq,3(qz1)) + z1Dz1,q(Hq,3 +Hq,3(qz2))] . (22)
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4 Q-derivative of q-extension of the generalized Lauricella series
with respect to the parameters
4.1 Derivative with respect to the upper parameter
For calculation of the derivative we need and extension of identity (17) to the case of multiple
summation index with real non-negative coefficients θi. We will put it here explicitly:
[θ1m1 + . . . θkmk]q =
1
k
((1 + qθ2m2 + qθ2m2+θ3m3 + ...+ qθ2m2+...θkmk)[θ1m1]q
+(1 + qθ3m3 + qθ3m3+θ4m4 + ...+ qθ3m3+...θkmk+θ1m1)[θ2m2]q
· · ·
+(1 + qθ1m1 + qθ1m1+θ2m2 + ...+ qθ1m1+...θk−1mk−1)[θkmk]q), (23)
here all mj are non-negative integers.
The derivative over variable zk of hypergeometric function (1) reads:
Dzk ,qF =
1
zk
[nk]qF. (24)
Now we could obtain the explicit formula for q-derivative of hypergeometric function F with
respect to the upper parameter aj :
Daj ,qF =
∞∑
s1,...,sn=0
(ajq, q)s1θ(1)j +···+snθ
(n)
j
− (aj , q)s1θ(1)j +···+snθ
(n)
j
(q − 1)aj
×
1
(aj, q)s1θ(1)j +···+snθ
(n)
j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
1
(q − 1)aj
(aj , q)∞
(ajq
s1θ
(1)
j +···+snθ
(n)
j , q)∞

1− ajqs1θ
(1)
j +···+snθ
(n)
j
1− aj
− 1


×
1
(aj, q)s1θ(1)j +···+snθ
(n)
j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
−1
(1− aj)
qs1θ
(1)
j
+···+snθ
(n)
j − 1
(q − 1)
×Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
, (25)
by applying the multivariable versions (23, 24) of (17, 14) we obtain the main result for q-derivation
7
of the generalized Lauricella q-extension series with respect to the upper parameter:
Daj ,qF =
−1
k(1− aj)
[
z1Dz1,q(F (z
θ1
1 ) + F (z
θ1
1 , q
θ2z2) + F (z
θ1
1 , q
θ2z2, q
θ3z3)
+ · · ·+ F (zθ11 , q
θ2z2, . . . , q
θkzk))
+z2Dz2,q(F (z
θ2
2 ) + F (z
θ2
2 , q
θ3z3) + F (z
θ2
2 , q
θ3z3, q
θ4z4)
+ · · ·+ F (qθ1z1, z
θ2
2 , q
θ3z3, . . . , q
θkzk))
· · ·
+zkDzk,q(F (z
θk
k ) + F (q
θ1z1, z
θk
k ) + F (q
θ1z1, q
θ2z2, z
θk
k )
+ · · ·+ F (qθ1z1, . . . , q
θk−1zk−1, z
θk
k ))
]
. (26)
For the one-summation upper parameter index q-derivation b
(1)
j = bj we could produce:
Dbj ,qF =
∞∑
s1,...,sn=0
(bjq, q)s1φ(1)j
− (bj , q)s1φ(1)j
(q − 1)bj
1
(bj , q)s1φ(1)j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
1
(q − 1)bj
(bj , q)∞
(bjq
s1φ
(1)
j , q)∞

1− bjqs1φ
(1)
j
1− bj
− 1


×
1
(bj , q)s1φ(1)j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
−1
(1− bj)
qs1φ
(1)
j − 1
(q − 1)
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
, (27)
and with the help of eq. (24) we obtain:
Dbj ,qF =
−1
(1− bj)
z1Dz1,qF (q
φ
(1)
j z1). (28)
The eq. (28) also could be obtained by applying aj → bj, θ
(1)
j → φ
(1)
j , θ
(2)
j . . . θ
(n)
j → 0.
The derivative with respect to other upper parameters b
(2)
j . . . b
(n)
j could be obtained from eq.
(28) by substitution bj → b
(i)
j , φ
(1)
j → φ
(i)
j , z1 → zi:
D
b
(i)
j ,q
F =
−1
(1− b
(i)
j )
ziDzi,qF (q
φ
(i)
j zi). (29)
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4.2 Q-derivative with respect to the lower parameter
With the same procedure we consider the q-derivative of the Srivastava and Daoust multivariable
hypergeometric series with respect to the lower parameter cj :
Dcj ,qF =
∞∑
s1,...,sn=0
(cjq, q)s1ψ(1)j +···+snψ
(n)
j
− (aj , q)s1ψ(1)j +···+snψ
(n)
j
(q − 1)cj
×
−1
(qcj , q)s1ψ(1)j +···+snψ
(n)
j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
−1
(q − 1)cj
(cj , q)∞
(cjq
s1ψ
(1)
j +···+snψ
(n)
j , q)∞

1− cjqs1ψ
(1)
j
+···+snψ
(n)
j
1− aj
− 1


×
1
(qcj , q)s1ψ(1)j +···+snψ
(n)
j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
1
(1− cj)
qs1ψ
(1)
j +···+snψ
(n)
j − 1
(q − 1)
(cj , q)s1ψ(1)j +···+snψ
(n)
j
(qcj , q)s1ψ(1)j +···+snψ
(n)
j
×Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
. (30)
By applying (23, 24) we obtain:
Dcj ,qF =
1
k(1 − cj)
[
z1Dz1,q(F (qcj , z
θ1
1 ) + F (qcj , z
θ1
1 , q
θ2z2) + F (qcj , z
θ1
1 , q
θ2z2, q
θ3z3)
+ · · ·+ F (qcj , z
θ1
1 , q
θ2z2, . . . , q
θkzk))
+z2Dz2,q(F (qcj , z
θ2
2 ) + F (qcj , z
θ2
2 , q
θ3z3) + F (qcj , z
θ2
2 , q
θ3z3, q
θ4z4)
+ · · ·+ F (qcj , q
θ1z1, z
θ2
2 , q
θ3z3, . . . , q
θkzk))
· · ·
+zkDzk,q(F (qcj , z
θk
k ) + F (qcj , q
θ1z1, z
θk
k ) + F (qcj , q
θ1z1, q
θ2z2, z
θk
k )
+ · · ·+ F (qcj , q
θ1z1, . . . , q
θk−1zk−1, z
θk
k ))
]
. (31)
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For the one-summation index lower parameter q-derivation d
(i)
j we could produce:
D
d
(i)
j ,q
F =
∞∑
s1,...,sn=0
(d
(i)
j q, q)siδ(i)j
− (d
(i)
j , q)siδ(i)j
(q − 1)d
(i)
j
−1
(d
(i)
j q, q)siδ(i)j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
1
(q − 1)d
(i)
j
(d
(i)
j , q)∞
(d
(i)
j q
siδ
(i)
j , q)∞

1− d(i)j qsiδ
(i)
j
1− d
(i)
j
− 1


×
−1
(d
(i)
j q, q)siδ(i)j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
=
∞∑
s1,...,sn=0
1
(1− d
(i)
j )
qsiδ
(i)
j − 1
(q − 1)
(d
(i)
j , q)siδ(i)j
(d
(i)
j q, q)siδ
(i)
j
Ω(s1, . . . , sn)
xs11
(q, q)s1
. . .
xsnn
(q, q)sn
, (32)
and with the help of eq. (24) we obtain:
D
d
(i)
j ,q
F =
1
(1− d
(i)
j )
ziDzi,qF (q
δ
(i)
j zi). (33)
The equations (26, 28, 31, 33) show the final expressions for any q-derivative with respect to
the parameters of the q-extension of the generalized Lauricella series.
5 Conclusion
We extend the algorithm [19] for derivation of generalized Lauricella hypergeometric series to the
case of basic hypergeometric function q-derivatives and consider the general case of q-derivatives
with respect to the parameters for q-extension of the generalized Lauricella series. Namely, the
derivation formula for upper parameter is presented in (26,28), derivatives over lower parameter
could be find at (31, 33). By that equations we cover all possible cases parameter derivation of
Srivastava and Daoust basic multivariable hypergeometric function with positive summation index
and explicitly show that the parameter derivative could be expressed as a finite sum of derivative
over variables with shifted values.
As an example we produce q-derivative of non-confluent Horn-type hypergeometric function
H3(a, b, c, z1, z2) q-analog, over upper (15) and lower (22) parameters correspondingly.
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